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2-Dimension Trusses



Fundamentals of the Stiffness Method

L.
@bi—»:;é- ®L>1

(X 1) (x5 1) * Node and Member Identification
2l
©) PL»S @}» 7 * Global and Member Coordinates
(x5, 73) (4> ¥4)

* Degrees of Freedom

*Known degrees of freedom D,, D,, D, D, D, and Dy
* Unknown degrees of freedom D, and D,



Member Local Stiffness Matrix

AE/L

qvi:A_Edvi_A_Edv
L L '’
qv :—A—d'i+A—Ed'
J L L J
9| AE| 1 -1| |d|
g,| L|-1 1] |d,
[g] = [K1[d] |~ ()




Displacement and Force Transformation Matrices

@
(X))
X, —X, X —X
A, =cosl =—L—= — -
L \/(x]—xz-) +(v,—»)
_yj_yi _ Yi—D)i




* Displacement Transformation Matrices

.......... >
Global
e 7’1x = 7/1y
d';, = dGCOS Hx+ dzyCOS gy
d'.=d, cos@ +d, cost,
4
{d'l} Fx A, 0 o} 4, S Fx
d', 0 0 A, A,|9x 0
_djy

4] = [T7ld]| - (2)




 Force Transformation Matrices

_/Ix
A,
0

0

0"
0
ﬁ'x
2, |

g1 = [T]"[q’]

where
! _ﬂx
q i
' SRR S A
q J 717 =1,
0

o O

o




Member Global Stiffness Matrix
lg1 = [T1"[g']| - 3)

N[k] [k]=[TI"[k [T]
4" 1=1T1"Iq"]
( A
A0
A 0] 4E [1 0 -1) (A
k1= |
o A | L a1 1Jlo
L0 /ij
u v U v
Ul 24 A4 A A4
(k] = AEV ﬂ“yﬂ“x _______ ﬂ“ y}“yp_ﬁyﬂx_/iyﬂ“y
Lul=2a =24 a4 a4
viaA A4 0 AA AL




Application of the Stiffness Method for Truss Analysis

Equilibrium Equation:

[0°] = [K][D] + [O']

Partitioned Form:

Joint Load Unknown Displacement
‘ Ky Ky, ‘ QFy
= +
‘ Ky Kj ‘ QF,
Boundary Condition

Reaction

[Q,] = [K,,]ID,] + [K,,][D,] + [QF]
D] =[K,] " (([Q,] - [QF]) - [K,,][D,])



» Member Forces
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Member Forces

Bl

>

N/

J

11



» Member Forces

‘ s 3
AE D..
Gn= T [ A —2y A 2y J vi |+ q; F
D,
y’ x’ L Dyj )

Member Forces
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Example 1

For the truss shown, use the stiffness method to:
(a) Determine the deflections of the loaded joint.

(b) Determine the end forces of each member and reactions at supports.

Assume EA to be the same for each member.

3m

¥ S50kN
J
3m 5@ 1 %
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4
/

) —((xf _xi),i o (yj _yi)\\:J

5

/
L/ N L
s N

e

i /ax/QX ’ax)ly i __;Lx)Lx __;LX)LV

7= X
v ¥
cosO. = 4. cosS ey = /1y

u. v u v

J J

A AL A A,
_ﬂxix _ﬂxﬂ«y i ﬁ.«xﬂzx ﬂ,x /’Ly

\

\—ﬂyﬁx —ﬁyﬂy i /1y A /1y ﬂ“y )

Member A, A
1 -4/5 =-0.8 | -3/5=-0.6
#2 4/5=-0.8 | 3/5= 0.6
#3 4/5= 0.8 | -3/5=-0.6
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1} 0.64 048 -0.64 -0.48
AE2 | 0.48 036 -0.48
[k]1:_5 """"""""""
3| -0.64 -0.48 0.64
4

_ -0.48 -0.36 048

1 2 7

1} 0.64-048 |-0.64
21-048 036 0.48
712064 048 0.64
8| 0.48 -0.36 -0.48

-0.36

4

\

0.48

0.36)

0.48
-0.36
-0.48

0.36

Member| 4. | 4, A2 LA | A7
#1 [-0.8-0.6] 064 | 048 | 036
# 1-08]06]| 064 | 048] 036
#3 |08 |-06] 064 | 048] 036

1 2 5 6
(ommnnnnnnnnaneeee 3

1] 0.64-0.48 |-0.64 0.48
AE 21-0.48 0361 0.48 -0.36

[k]2: _5 """"""""""

5(-0.64 048 0.64 -0.48
61 048 -036 -048 036
) 1 2
1] 192 -048
> 2| 048  1.08
J
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Global

________________________

-250.65/AF

-481.77/AE
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1a's 1,
E[q ’F]l =
Member A A, :
#1 -0.8 0.6 B
#2 -0.8 0.6
#3 0.8 -0.6
‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘ 9 Fl,
17.7 kN
50 kN 36.87
17.7KN [, =
97.9 kN g0 kN q rl3

Local

Dxi
AE D,
25 a -4 A A+
LIRS (R
Dyj_
— \
= -250.65/4E
AE [ 08 06 -08 -0 6} = -481.77/AE
£ 108 o 8 -0, "
3 .
97.9 kN (C) (D= 0.0 J
- )
D= -250.65/AE
AE [ 0.8 -0.6 -0.8 0.6 } Dy= 481.77/4E
> D= 0.0
+17.7 kN (T) (De= 0.0 )
- )
D= -250.65/AE
AE [ 0.8 +0.6 +0.8 —0.6} Dy~ -481.77/AE
> D= 0.0
-17.7kN (C) D= 00



17.7 kN

50 1N 275, 36-89
17.7 kN
97.9 kKN 80 kN
Check :
Member| A, A Xt %, =0: 17.7+17.7 +50cos 36.89
| - 97.9¢0s73.78 - 80c0s53.11 =0, O.K
#1 -0.8 0.6 |
#2 -0.8 0.6 17.7(0.6)=10.62 kN
#3 0.8 -0.6
————————————————————————————————————————————————————— 17.7(0.8)=14.16 kN
97.9(0.6)=58. 17.7(0.6)=10.62 kN

80 kN
97.9(0.8)=78.32 kN

17.7(0.8)=14.16 kN
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Example 2

For the truss shown, use the stiffness method to:

(b) Determine the end forces of each member and reactions at supports.

(a) Determine the deflections of the loaded joint.
The support B settles downward 2.5 mm. Temperature in member BD

increase 20 °C. Take o= 12x106 /°C, AE = 8(103) kN.

8 kN
o
% b’ 4 kN
A
3Im OO
P

Y C

ibr A
Ag =2.5 mm|g m »
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/
/

RS N

V v
cost. = A, cosS ¢9y = ﬂ,y
U vy,
Ut A4, ixiy A A —xlxxly
[k] ZALE Vi ﬁ“y}“xﬂ“y}“y _ﬂ“yﬂx%yﬂy
Uj A A, —ﬂxiy AA lxﬁ,y
Vj x—ﬂy/ix —/1y/1y : iyxlx /Iyﬁ,y )

Member A, A,
#1 -4/4 = -1 0
#2 -4/5=-0.8 | -3/5=-0.6
#3 0 -3/3=-1
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4 2
® »3 @ f_, 1 Member| A4, | 4, | AL | A AJL| AM/L
] 0,0
(-4,0) 3 (0.0 #1 | -1 10| 025 o 0
3
. % # 1-08[-0.6| 0.128 | 0.096| 0.072
8
5 #3 | 0 | -1 0 0 | 0.333
@w @}»7
(-4,-3) (0,-3)
1 2 3 4 1 2 5 6
““““““““““ A I(““““““““““: )
1025 0 {025 0 1}0.128 0.096(-0.128 -0.096
2 0 0 0 0 2 10.096 0.072{-0.096 -0.072
[k],=8x103 © |--eesreeeeeciond [k], = 8x103 = [~ 0600 I23-0.09 /
3025 0 025 0 5 10.128 -0.096 0.128 0.096
41 0 0 0o 0 6 10.096 -0.072 0.096 0.072
1 2 7 8
o , 3
1 0 0l 0 o e
i ) 1110378 0.096
[k], = 8x103 2 00333 0 -0.333 [K] = 8x10° | i
71 0 0 0 0 2 |
8 0 -0333 0 0333,
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Member 2:

1 2 S 6

______________________________________________

+20°C

- 0.128 0.096/-0.128 -0.096 | |
0096 0.072{-0.096 -0.072 | |

q,
q,

q
q,

= 8x103
2

= 8x103
2

1
2
51 -0.128 -0.096
6 | -0.096 -0.072

1

0.128
0.096

0.128
0.096

2

0.096
0.072

J

0.096
0.072

J

-

0.128 0.096

0.096 0.072

+ 8x10°

1.536 kN

2 1.92 kN =(AT,)AE
(0,-3) = (12x10°6)(20)(8x10)

?

1.152 kN

+20°C

1.152 kN
( ——————————————————————— 3 I( __________ \
d, 1536} 1
‘:::C:Z:?:::::::::::::::::: + _1152 2
- ds=0 , 1.536| 5
L de=25x104) [ 1152) 6
5 6 r .
-0.128 -0.096 0 5+ -1.536
20.096 -0.072 ||-2-5x10°| 6 |-1.152] 2
1.92 1536 !
_|_
1.44 -1.152 |2

1.536 kN




O] =

[K][D] + [QF]

Global:

-0.8514x103 m
-2.356x10-3 m

D,

+
D2

1.92
1.44

&

1.536
1.152
J
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>

Local

>

[q'F]mZAL—E[—Zx -4, A, ﬂx] vi +[q.F]

X

>

>

V]
D= -0.8514x107 )
D,=-2.356x10°3

~

i[q'FL:ng{ 1.0 0.0 -1.0 o.oJ

Member A, Ky 4 D,= 0.0
s | o | =N © | D= 00 )
#2 - 0.8 -0.6 [ D,=-0.8514x10"
3 0 -1 E[Q'F]2=8x103{0.8 0.6 -0.8 -0.6] Da=-2:356x10° +{-1.92J
5 | D= 0.0
1.92 kN _ 287KN (O | D=-0.0025
TP 2 (" D,=-0.8514x10"
e i[q’F]3=8x3103 0.0 1.0 0.0 -1.0 gi'oz_';%xms



1.70 kN

2.87 kN

8 kN
4 kN

6.28 kN

1.70 kNI

-—>

2.87(0.8) = 2.30 kN

2.87(0.6) = 1.72 kN

Member| cosO, | cosb, | [g7],
#1 1 0 -1.70
#2 -0.8 -0.6 -2.87
#3 0 1| 6.8

8 kN

4 kN
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Example 3

For the truss shown, use the stiffness method to:

(a) Determine the end forces of each member and reactions at supports.

(b) Determine the displacement of the loaded joint.
Take AE = 8(103) kN.

8 kN

4 kN }
- D

S

3m el !
> "
v = c
£ .Y 2
« 4 m ye 4 m "
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T I IR D)
= e :
7N L/ L _/
v ¥
cost. = A, coS (9y = ﬂy
v nou b
Ul AA A A A,
AEVi| A A AN A
Lo T
Ul Ade A Al A,
VA AL AL AA

Member A, A,
#1 -4/5=-0.8 | -3/5=-0.6
#2 0 -3/3=-1
#3 4/5=0.8 |-3/5=-0.6
#4 4/4 =1 0
#5 4/4 =1 0

27



(0 0) Member | 4, A, AL |AAJL| AZ/L
#1 -0.8 |-0.6 ]0.128 [0.096 | 0.072
E J # 0 | -1 0 0 0333
4 5@ 3 I . #3 0.8 |-0.6 10.128 |-0.096 | 0.072
© 3 [a—>® 5 =0 .
.k 4 4 &I
(_4 _3) = (09'3) m (4,-3)
1 2 3 4
( A
1] 0.128 0.096 -0.128 -0.096
K], = 8x10° 2| 0.096 0.072 -0.096 -0.072
1 3| -0.128 -0.096 0.128 0.096 A
4 \'0'096 _0.072 0.096 00072) 1| 0.128 -0.096 -0.128 0.096
L2 s 6 [Ky=saos 2 1-0.096 0.072 0.096 -0.072
- ) 7 | -0.128 0.096 0.128 -0.096
1l o o o0 0
8 | 0.096 -0.072 -0.096 0.072)
K], = 8x10° 2] 00333 0 -0.333
2 500 0 0 0
6 0-0333 0 0333 )3




2 0,0) Member | A | A, | AYL [AAJL| A2L
O 1 #4 1 | o J025| 0 0
B w v ad #5 1 1o Joos| o | o
4 5% B 6 %
8
P/ TR T
4 4
(_4 _3) = (09'3) m (4,-3)
3 4 5 5 6 7 8
- - \
3025 0 025 0 50025 0 025 0
4 0 0 0 6| 0 0 0 0
[k],= 8x10 [k]s= 8x103
50025 0 025 0 71025 0 025 0
6L 0 0 0 s 0 0 0 0 |
1 2 5 7

Global Stiffness Matrix

| K] = 8x103

N 0 N =
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Global Stiffness Matrix

[k], = 8x10°
[k], = 8x10°
[k]; = 8x10°

SN N N = B W N =

L 1 N

1 2 3 4
., A
0.128 0.096!-0.128 -0.096
£ 0.096 0.072-0.096 -0.072
-0.128 -0.096 0.128 0.096
-0.096 -0.072 0.096 0.072,
1 2 5 6
______________________ \
0O 0 0 0
0 0355 UR-0.333
O 0 0 0
_0-0333 0 0.333,
1 2 7 8

- 0.128 -0.096,-0.128 0.096

E—0.096 0.072§ 0.096 -0.072

-0.128 0.096 0.128 -0.096

_ 0.096 -0.072 -0.096 0.072]

[k],= 8x10°

S U b W

[k]s=8x103

L I SN W

| K] = 8x103

N 0N e

3 4 5 6
4 \
025 0 -025 0
0 0 0 0
025 0 025 0
L0 0 0 0 |
5 6 7 8
4 \
025 0 - 0
0 0 0 0
025 0 025 0
0 0 0 0 |
1 2 5 7
( A
0256 0.0 0.0 -0.128
0.0 0477 0.0 0.096
0.0 00 050 =025
.0.128 0.096 -025 0378

30



Global Fixed end forces 2

2.88 kNI A4E/L=4.8 kN AAEL=10.6TKN (0 |1
> 2.88+10.67=7.79 | 2
L 12 FixedBEnd = | 5
= | 0.0 )7
10.67 kN

31



4kN y o
>
I
IS
-
~ C
£2.5
4 m
> g
Global: | [0] = [K][D] + [OF]
o1 2 5 7 ( \
11025 00 0.0 -0.128|| D, -3.84
7.79
—ecqos 2| 00 0477 00 009 || D, | +
5/ 00 00 050 -025|| D 0.0
7 (-0.128 0.096 -0.25 0.378 )| D, | 0.0 |
( 3
6.4426x1073 m
— | -5.1902x10-3 m
2.6144x10°3 m
| 5.2288x1073 m | 32




0 Member forces

i

S

-0 —a, 4 4] ele]

By
i _Dyj_
6 .
! : 5 [5]—> 2 7 Member | 4, | 4,
i #1 0.8 | -0.6
oy y o # 0 | -1
D, 6.4426x10° m | |
D, | — | -5.1902x103 m )
D 2.6144x1073 m E D1
D, ) (5.2088x10° m | i[q'F]lzgxm{ 08 0.6 -0.8 -O.6J . +{_4,8J
= 5
= -154KN(O) 0
SN R1067KN .
|
z@/q’ E [q's], =8x103| 0.0 1.0 0.0 -1.0J D, +{10.67J
o | 3 Dy
AP v 1067 kN 0
4.8 kN = 3.17kN (C) L0

33



4

},3

[a—

V)]

SESACAS

|

2 Dxi_
L’ D .
1 g _A_E[ i .
i qF ]m o _/?’x _/1 /’i’x ﬂ’x + q
S i L y D,
E Dyj_
N ol i [ \
A &»5 5k &, . D,
S 8X103{ -0.8 0.6 0.8 -O.6J D,
( \ i 5 D7
6.4426x10-3 m = -6.54 kN (C) \ 0 )
— | -5.1902x1073 m
2.6144x1073 m . 0 \
| 5.2288x1073 m | 0
19 ), = 8X103{ -1.0 0.0 1.0 0.0J
4 D
= 5.23 kN (T) 0
Member A, ﬁy \ )
‘ \
#3 0.8 -0.6 D,
s : 0 9 )5 = 8x103{ -1.0 0.0 1.0 0.0J 0
#5 1 0 4 D,
= 5.23 kN (T) K 0 )
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Member A, A, [q°]
#1 -0.8 -0.6 | -1.54
#2 0 -1 -3.17

#3 0.8 -0.6 | -6.54
#4 1 0 5.23
#5 1 0 5.23

3.92 kN
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Special Trusses (Inclined roller supports)

36



» Transformation Matrices

[a"]1=[TI"'[q]

q ; (
q,
91 -

. 92 ) \

[T]=[[T]T]T={

ﬂ’ix
A,

ly

0
0

X

\

0

0
A

Jx

A

7y/
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[K]=[T]"[k"][T]

( A
A0
ﬂ'i 0 AE 1 '1 ﬂ’ix
[k]n = ‘
m 0 A L L1 1Jlo
. 0 ﬂ“jyj
v v U,
" A
Uvi ﬂ“ixﬁ“ix ﬂ’ixﬁ“iy _ﬁ“ixﬁ“jx _;tixﬂ’jy
[k]m = ALE Vl /Iiyﬁix /Iiyliy _Ziyljx _/liyﬂy'y
Ul ks iy Ak Ay

VAA A A AA A

gy’ Tix v iy Ty x v gy/



Example 5

For the truss shown, use the stiffness method to:

(b) Determine the end forces of each member and reactions at supports.

(a) Determine the displacement of the loaded joint.
AFE 1s constant.

x o= 30 kN
3m
v
T
4 m
> »
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S O O =

Member 1:

¥ 0;=-45°=135°,
A, = cos (-45°) = 0.707,
A;, = sin(- 45°) = -0.707

q’j

0 { q’i ]
0.707 |\ 94 ;

-0.707)~ [

™

<>

40



|
_ 1 0
[k*]1 T 0
L 0
5
_ 6
[k”‘]1 = AFE 3+
4%

0.707

-0.707)

0.25

-0.1768

L 0.1768

Member 1:

47‘:
—> 0
;tix cos 0= 1, [q*] (9 = -450— 1350
A, =sin0=0 l .= cos (-45°) =0.707,
g zl.y = sin(- 45°) = -0.707
q; q’.
— (1> $
® @
AE [ 1 -1 M 1 0 0 0
4 -1 LJLo 0 0707 -0.707
6 3% L
0 -0.1768  0.1768
0 0 0
0 0.125 -0.125
0  -0.125 0.125
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Member 2:

p) lq’i
9 | 6=-90°=270e, ©
<7900 A, =cos(-90°) =0,
2 A. = sin(-90°) = -1
P 3
%
4 %
*5, 90°+45° 9= -135°=215°, @1
| q

=135° A _=cos (-135°)=-0.707, V¥
A;, = sin(- 135°) = -0.707

4 A
0 0
] = 1 0 AE {1 -IM 0 -1 0 0
K% 0 -0.707 3 -1 1JL o 0 -0707 -0.707
L0 -0.707)
1 2 3% 4%
. A
110 0 0 0
k4], = AE 210 03333 -02357 -0.2357
3% 0 -0.2357  0.1667  0.1667
4% 0 -0.2357  0.1667  0.1667, 4



Member 3:

36.87°

4m 6,=6,=36.87°; q’;

! J
- L Ay = Ay = €08 (36.87°) = 0.8,
k= 2E T 7] Ay = A, = sin(36.87°) = 0.6
L|-1 1
( 3\
0.8 0
= | 06 0 E {1 1” 08 06 0 0
[4]; 0 0.8 5 -1 1 0 0 08 06
L 0 0.6 )
5 6 1 2
.

510.128 0.096 -0.128 -0.096
61009% 0072 -0.096 -0.072
11-0.128 -0.096  0.128 0.096
2 (-0.096¢ -0.072 0.096  0.072) 43




« X L 0.1768
1 2 3 4
A A
110 0 0 0
K, = AE 210 03333 02357 -0.2357
3¢ 0 -0.2357 0.1667  0.1667
44 0 -02357 0.1667  0.1667)
[K] = AE
5 6 1 2
5010.128  0.096 -0.128  -0.096
K], = AE 61009 0072 -0.096__-0.072.
1]-0.128 -0.096 0.128  0.096
21-0.096 -0.072 i0.096  0.072

3= 6 0
[k*], = AE
450 3% -0.1768
4%

Global Stiffness:

51 0.25

6 3* 4%
0 -0.1768  0.1768

0 0 0

0 0.125 -0.125

0 -0.125 0.125
S R

0.128 0.096] 0
10.096 0.4053 -0.2357

_______________________

0 -0.2357 0.2917)
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Global :

SR

o= 30 kKN *
3m @y
6
lb —
m
<
»
1 2 3%

f 1
110128 0.096 0
= AE 2 |0.096 0.4053 -0.2357

30 -0.2357 0.2917

352.5

——| -157.5
1273




A
3m @f
6 4%
3*
lb L=
>, 450
m
< »
D, || 3525
D, —| -157.5
AE
| D3+ | -1273
Member ll.x i }ij gjy
#1 0 0.707 |-0.707
#2 0 | -1 |-0.707|-0.707
#3 0.8 | 0.6 0.8 | 0.6

Member Forces :

_Dxi_
| AE D
i ' =—— |- A -1 A y Vi
i [QF]m L [ X y X x] ij
_Dyf_
lq 7], = AE {-1 0 0.707 -0.707}
4
= -22.50 kN, (C)
(q -], = AE {o 1 -0.707 -0.707J
3
= 22,50 kN, (C)
[q 7]l; = AE {—0.8 -0.6 0.8 O.6J
5
= 37.50 kN, (T)




Reactions :

x 30 kN
3m 3m
v
4 m
[« »
Member [q’]1 [q’]z [ql]3
Member Force (kN) | -22.50 [-22.50 | 37.50
22.50 kN
37.50 kN
450
36.87° 450
7.50 kN 22.50 kN

22.50 kN

31.82 kN




Example 6

For the truss shown, use the stiffness method to:

(b) Determine the end forces of each member and reactions at supports.

(a) Determine the displacement of the loaded joint.
AFE 1s constant.

30 kN
* —> |
3m
v
£ | At
« 4 m ‘e 4 m "

48



Member 1: 2

g 1=[T"1"g 1+ [T1"g "]

ds
9
q 3

S O O =

4*
— 0
91 OO t’ l_l 45
A, =cos 0°= 1 [¢*] 9 = -45°
,11, =gin0°=0 /1 = cos (-45°) =0.707,
g /Il.y = sin(- 45°) = -0.707
g L, Ol Y
® ®
0 3\
0 { q’; ]
0.707 |\ 4 ;
00T

49



Member 1: 2 8

4*

—> 0
6 OO t’ l_l 45

7» =cos 0° = 1 4] 0, = -45°= 315,
7‘1 =gin 0° = 0 K . = cos (-45°) =0.707,
g xly— sin(- 45°) = -0.707

- s " Ty M 4
® @
=1 2E D T
L|-1 1
e 3\
] 0
N 0 0 AE {1 -IM 1 O 0 0
[k*] 0 0.707 4 -1 1JL o 0 0707 -0.707
L0  -0.707)
5 6 3% 4%
( 3\
51 025 0 -0.1768  0.1768
[, = AE 6 0 0 0 0
3% -0.1768 0 0.125 -0.125
4% 0.1768 0  -0.125 0.125
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Member 2:

7 ’
T 2 P
1 0,=-90° @
3m <7900 A, =cos(-90°) =0,
AL 2 A =sin(-90°) = -1 I
) iy e}
4% ! v
4 m 4 m 3*
[« > g S/ 90°+450 9 = -1350=215, O) "
AE| 1 -1 . =135° 4 =cos (-135°)=-0.707,¥ '
17T — 1 0) —
[k*¥]=[T ]TL 1}[T] A, = sin(- 135°) = -0.707
( 3\
0
U AE {1 1” 0 -1 0 0
K%, 0  -0.707 3 (-1 1JLo 0 -0.707 -0.707
L0 -0.707)
1 2 3% 4
10 0 0 0
k4], = AE 210 03333 -02357 -0.2357
3% 0 -0.2357  0.1667  0.1667
4% 0 -0.2357  0.1667  0.1667,
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Member 3:

0.6 )

5

0.128
0.096
-0.128

.-0.096

6

0.096
0.072
-0.096
-0.072

2

-0.096
-0.072
0.096

0.072 )

0.6
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Member 4:

2 8

£, w t)

1 7
[4]

0,=0,=0%4,,=4,=cos0°=1,

. ﬂiyZ/lijSinQOZO

i q ;

—_ = 3
® ®

7 8
-0.25 0
0 0
0.25 0
0 0




Member 5:

1 1
4 3
0.9899 0
= 014140 | _4E { 1 -1”0.9899 0.1414 0 0
Lt 0 0.8 5 -1 1 0 0 08 06
) 0.6
3 4% 7 8
3% 0.196 -0.028 -0.1584 -0.1188
*| _
k4], = g 47[-0.028  0.004  0.02263 0.01697
7 1-0.1584 0.02263  0.128  0.096
8 1-0.1188 0.01697 0.096  0.072

A.. = cos (- 8.13°) = 0.9899,
2,y = sin(- 8.13°) = -0.1414
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Global Stiffness: 8 5 6 1 2
| ; 1 [4]—> 7 (
T 5/0.128 0.096 -0.128 -0.096
B 6]0.096 0.072 -0.096 -0.072
k*l. = AE e
im B E 5 s 1]-0.128 -0.096 | 0.128  0.096 |
6 47| 37 2 -0.096 -0.072 | 0.096 0.072)
11> \é -------------------------
5
) 4 K. 4m . A2 T 8.
11025 0 -025 0
5 6 3* 4* i
( A [k]4 :AE 2 _____ Q _________ (_) _ O 0
5/ 025 0 -0.1768 0.1768 71025 0 025 0
o, =ag ©| O 0 0 0 G 0 0 0,
34-0.1768 0  0.125  -0.125 3 4% . 8
440.1768 0 -0.125  0.125) 3% 0.196  -0.028 -0.1584 -0.1188
¥, = 470028 0.004 0.02263 0.01697
. 7 10.1584 0.02263 0.128  0.096
1 2 3* 4*
R \ 8 L0.1188 0.01697 0.096  0.072)
110 0 i 0 0 12 3
[k*]zzAEz 0 033337 -0.2357 -0.2357 1 0378 0096 0
390 -0.2357 0.1667 0.1667 1= 4 2 0,096 0.4053 -0.2357
4% 0 -0.2357 0.1667 0.1667) 39:k 0 -02357 0.48771 55




Global :

3m

30 kN
4 m 4 m
- f "
[0] = [K][D] + [O']
. Q1=30\ _____ 1- ---------------
1
0,= — AE 2
L Q3*=O Y, 3* ______________________
D, | | 86.612
D, IE -28.535
| Di. |  -13.79]

10378 0.096]

0

10.096 0.4053 -0.2357
0 -0.2357 0.4877]

N
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Member Forces :

1_,1

3m
6 4%| 3%
l 1> \é
5
4 m 4 m
2 bl
D, || 86.612
D, — 7| 28535

| D« | -13.791)

Member | A4, iy }ij ij
#1 1 0 10.707 |-0.707
#2 0 -1 1-0.707 |-0.707
#3 0.8 | 0.6 08 | 0.6

Dxi
, AE D, | r.,
(b =ba A Al
_Dyf_
¢ 7l = AE {-1 0 0.707 -O.707J
4
-2.44 kN, (C)

lq /], = AE {o 1 -0.707 -0.707J
3
= -6.26 kN, (C)

g rl; = AE {—0.8 -0.6 0.8 O.6J
5
= 10.43 kN, (T)




Member Forces :
| 5 1 -% 7 _D ._
T L _AE D, )
3m 6>ﬂ 6>7 [QF]m—T[—/Ix A, A /1] D, +[q ]
l 6 4% 3* i Dyj
= \é - s
- 5 4 m . 4 m " i Dl
i [q ’F]4 = AE {-1 0 1 0 } 02
( \ p N I 4
D, 1 86.612 3165 KN, (O) ’
D, | = —| -28.535 o
\ D3*, k -13.79lj (DS* \
[q ls = AE {-0.9899 0.141 0.8 0.6J 0
Member | A, | 4 y ﬁ] § Z’jy 5 X
= 2.73 kN, (T) 0
#4 1 O 1 O k )
#5 0.9899(-0.141| 0.8 | 0.6
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Reactions :

30 kN
3m
4 m 4 m
- < ]
Member g’y | g, | g’y | [g')s | la7]s
Member Force (kN)| -2.44 | -6.26 10.43 |-21.65 2.73
1.64 kKN
21.65 kN
19.47 kN
36.87°
10.43 kN 4?.26 kKN 2.73 kN
6.87° 45°
5.90 kN % — 81.87°
2.44 kKN 2.44 kN

6.26 kN

6.54 kKN
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) S T

Example 7

For the truss shown, use the stiffness method to:

(b) Determine the end forces of each member and reactions at supports.

(a) Determine the displacement of the loaded joint.
Take AE = 8(103) kN.

8 kN
4k4NJ D U
-
(]i ﬂ/lxﬂlx
ARy
[ k *]m — ALE i iy”ix
(]j _ﬂ“]xﬂ“lx
VilcAy A

4 m 4 m

A A

ix” iy

A A

-y

A A

JX oy

A A

Jyow




36.87°
Member 1:

A, =08 36.87°=0.8,
A;,=sin 36.87°= 0.6

T % ql

A, = cos 73.74° = 0.28,
A;, = sin 73.74° = 0.96

[ 1=[T"1"g 1+ [T1"[g "]

( ) ( )
q3x 0.28 0
o= | _ 0.96 0
q, 0 0.8

. 49 ) N 0 0.6 )




N 0

[k], = 8x10

0
0 8x103
0.8 5
0.6 )
3* 4*

0.01568 0.05376

0.05376 0.18432
-0.0448 -0.1536

-0.0336 -0.1152

{1 -1”0.28 096 0 0

0

1 2

-0.0448 -0.0336
-0.1536 -0.1152
0.128  0.096

\

0.096 0.072)

0

0.8 0.6

|
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36.87° [q]=[T"1"[q'] + [T"]"[q ]
Member 2:

( 3\ ( )
q3+ 0.8 0 ,
Aae | _ 0.6 0 { q; ]
0 X qs 0 1 q’;
37 lj.x:cps 0°o=1, L s ) . 0 0 N\ (7T
Ay i cos 36.87°_= 0.8, Ajy —sm0°=0 [k] = [TT] A_E{ 1 -1 ] (7]
Zl.y =sin 36.87°= 0.6 7 -1 1
, , N M 5 6 .
I 1 S 31016 012 02 0
@ @ o = sx1op 4| 012 009 050
. 5]1-02 -015 025 0
6 0 0 0o 0 63




36.87°

Member 3: A, = cos 270°= 0, Member 4:

2, =sin 2700 =-1 A.=cos 323.13°=0.8,

A, =smn 323.13°=-0.6

323.130
7
1 2 5 6 _| 12 78
é \ ! )
ifo o o ol 1] 0.128 -0.096 -0.128 0.096
k], =8x10° 2| 00333 0 -0.333|| [k], =8x10° 2 |-0.096 0.072 0.096 -0.072
sl o 0 0o of 7 |-0.128 0.096 0.128 -0.096
600333 0 0333 8 | 0.096 -0.072 -0.096 0.072)
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36.87°
Member 5:

[k]; = 8x103

6
5 |5/—=>
A, =cos 0°=1,
/1y=sm 0°=0
5 6
-
51 0.25 0
6 0O O
7 | -0.25 0
8 LU 0 0

65



-

“10.01568 0.05376

3
4 ; K], = 8x10° 411' 0.05376 0.18432
2

8 \ '0.0336 '0.1152 E
< —> 5 —
3 ﬁb }7

1 2 7

1] 0.128 -0.096{-0.128
[k], = 8x103 2 | -0.096_0.072: 0.096

7 1-0.128 0.096 0.128
8 L 0.096 -0.072 -0.096

e

1 -0.0448 -0.0336 0.17568 -0.2

-0.0448 -0.0336
-0.1536 -0.1152

r---

_______________________

1 2

-0.0448 -0.1536: 0.128 0.096§

.0.096 _ 0.072;

6 ) (____1_ _______ _2____| S 6 3\

0 10 0:i0 0

0 [k]; = 8x10° 2| 0 0.333 ! 0 -0.333

0 51 0 0 0 0

0 ) 6 - 0-0.333 0 0.333
8 5 6 7 8

1 - 3
0.096 51025 0 -025 O
0.072| o — g gp 6 0 0 0 0
-0.096 71-025 0 025 0

0.072) 8§« 0 O 0O 0

1 2 3" S

0256 0.0 | -0.0448 0
0.0 0.474: -0.0336 0

0 0 -0.2 05
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36.87°

Global: | [0] = [K][D] +[O"]

( Q1:4 ) /S ! _____________ _2____| 3 5\( )
0. 8 1] 025 00 | -0.0448 0 || D
’ 3 2| 00 0474} -0.0336 0 || D,
Q3*: O - 8X103 e
37 20,0448 -0.0336 0.17568 =02 || D
L 95=0 ) 50 0 0 02 05)| Ds
( A ( 3\
D, 1.988x10°3 m
D, | — | -2.0824x103 m
D, 1.996x10- m
. D ) | 7.984x10° m 67




4*

—

(98]
*

SESASAS

2= &PS s _E» 046kN (T) k

e

8 kN

i

HINOY

6

1.988x10-3

-2.0824x103
1.996x10-4

( 7.984x107

2 8 8 3

i[q'F]2=8x103{-0.8 06 1 OJ

. Member forces

Dxi
i AE Di .
I[QF] I I:_ﬂ’x _ﬂ’y ﬂ’x ﬂ’x] Dj; +[qF]
_Dyj_
Member | A A, /1jx A,
#1 0.28 {0.96 0.8 0.6
#2 0.8 | 0.6 1 0

—8X103{ -0.28 -0.96 0.8 O.6J

4
= -0.16 kN, (C)




2

1

Dxi
<§ 3 e AE D, |
; E[QF]’":T[_% 4 N D +lg"]
! y
4" 6 . ”
- — 7 o \
3" b
[ \ e 3 [q'F]3 :8)(—103{ 0 1 0 -1 } D2
D, 1.988x103 m 3 D.
D2 — ‘2.0824)(10_3 m = _555 kN k O j
D, 1.996x10+ m | \
L Ds ) { 7.984x10° m )
[q" 7], = 8x103 { -0.8 06 0.8 - O,6J D,
Member x| Ay 2 A, 5 .
= -4.54 kN 0
#3 0 -1 0 -1 K )
#4 0.8 |-0.6 0.8 -0.6 ) b, .
[q" s :87(_103{ -1 0 1 0 J 0
4 0
= -0.16 kN 0
. 69




8 kN

Member lq], | [q), | lgly | [qls | l4ls
Member Force (kN)| 0.46 |-0.16 |-5.55 |-4.54 | -0.16

5.55kN

3.79 kN

5.55 kN 272 kN
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Space-Truss Analysis
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Member Local Stiffness [k]:

[g'1=[K'1ld]+[q""]
= [K'1[T1[d] + [q""]

S e

72



Member Global Stiffness [k ]:

[k ]= [T K] [T]

A0

A, 0

A 0 1 -1
A E =

0 A |L|-1 1

0 2,

_O ﬂZ_

I

Ao A A 0 0 0

0

0

0 A A, A

73



Global equilibrium matrix:

(O] = [K][D] + [Q']

Joint Load Unknown Displacement |
- Fixed End Forces
I<I,I F[
N F
Ky I

Reaction

Support Boundary Condition

74



[ A4 A AL A A A
Ade AA AA A ) k)
AA AA A ) A,
D A D Ay AL A,
D, A, A A, A,

A AR, AL AMA, A

X

-

'y

=

<

CCNE S
—
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Example 6

For the truss shown, use the stiffness method to:
(b) Determine the end forces of each member.

(a) Determine the deflections of the loaded joint.
Take £ =200 GPa, A =1000 n}m2.

60 kN
% \/ 80 kN

10 m
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10 m

A,

60 kN

/11+/1)J+/12k
= (-4/11. 18)1+(3/11 18)] + (- 10/11 18)k
=-0. 35781+O2683J 08944k

= (+4/11.1/§)1 + (3/11/-\18)J + (-1%1-18)Ak

=+0.35781+0.2683 j - 0.8944 k

- (+4/11.18)/i\+ (-3/11.18)3'\+ (-10/11-18)/12

=+0.35781-0.2683 j - 0.8944 k

A AN\ &
= (-4/11.18)i + (-3/11.18)j + (-10/11.18)k

=-0.35781-0.2683 j - 0.8944 k

< (4,3,00 \ T .
3,007 T @
“““““ 4,3,0
(43 '39 O)
Member A, A, A
#1 -0.3578 | +0.2683| -0.8944
#2 | +0.3578 | +0.2683| -0.8944
#3 | +0.3578|-0.2683 | -0.8944
#4 | -0.3578 |-0.2683 | -0.8944
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Member A A A, Member Stiffness Matrix [K] .
#1 | -0.3578 |+0.2683| -0.8944 LT P 7/ I
#2 | +0.3578 | +0.2683| -0.8944 [kl =
#3 | +0.3578|-0.2683 | -0.8944 Kol Tk
#4  |-0.3578 |-0.2683 | -0.8944 o1 2 3.
1 [+0.128 -0.096 -0.320
L2 = A 20,096 40,072 +0.240
1 |+0.128 -0.096 +0.320 3| -0.320 +0.240 -+0.80
[kn]l:ATE 2 | -0.096 +0.072 -0.240 k 1 5 3 ’
( 3
3 +0.320 -0.240 +0.80 1 |+0.128 +0.096 +0.320
1 , \ k(] = ATE 2 | +0.096 +0.072 +0.240
f \ 3 | +0.320 +0.240 +0.80
1 [+0.128 +0.096 -0.320 ) ’
AE 1 2 3
k], = =7 — 2 | +0.096+0.072 -0.240 1 f0512 0 o w
3| -0.320 -0.240 +0.80 | AR ‘ ‘ '
(K= —7— 2| 00 0288 0.0
30 00 00 32




[0] = [K][D] + [O']

-

\

60
-80
0.0

\

J

\

1 2
0.512 0.0

0.0 0.288

0.0 0.0

0.0
3.2
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Global equilibrium matrix:

(O] = [K][D] + [Q']

Joint Load Unknown Displacement
1. Fixed End Forces
Ky i
N F
KII,I L
Reaction Support Boundary Condition
(AE/L) = (1x10-3)(200x109)/(11.18) = 17.89x103 kN
1 2 3
. A . N\ [ 3 . A
60 110.512 0.0 0.0 D, 0.0
80 | = ATE 2 0.0 0.288 0.0 D, + 1 0.0
0.0 3 0.0 0.0 3.2 D, 0.0
\ J \ J \ J \ J
. A . A . A
D, +117.2 6.551 mm
L
D, = “4g | 2778 = -15.53  mm
D, 0.0 0.0 mm
\ J \ J \ J
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60 kN

10 m

Member forces:

[q’J]m - T

AE

(¢ ], =—2E—| +0.3578 -0.2683 +0.8944
QJ 1 L

= +116.5kN (T)

Member

A

X

A

v

#1

-0.3578

+0.2683

-0.8944

#2

+0.3578

+0.2683

-0.8944

#3

+0.3578

-0.2683

-0.8944

#4

-0.3578

-0.2683

-0.8944

AE

L

(1172 )

-277.8
0.0

X

N
QN
/:'

XI

7
N
Ny
&)\ =
/

V

i
i

R

//
=N

J10]

zj 7
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10 m

g, =

lgi]; =

[q’j]4 -

60 kN

AE

L

AE

L

AE

{-0.3578 -0.2683 +O.8944J
{ -0.3578 +0.2683 +O.8944J

{ +0.3578 +0.2683 +O.8944J

Member A, A, A
#1 | -0.3578 |+0.2683| -0.8944
# | +0.3578 | +0.2683| -0.8944
#3 | +0.3578 | -0.2683 | -0.8944
#4 | -0.3578 |-0.2683 | -0.8944
(1172 )
AL 2778 | = +32.61 kN (T)
00
(1172 )
L _
T 277.8 = -116.5 kN (T)
| 00
(1172 )
L _
| 27738 = 32.61 kN (T)
0.0
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Member A A, A 9],
#1 -0.3578 | +0.2683|-0.8944 | 116.5
#2 | +0.3578 | +0.2683| -0.8944 | 32.6
#3 | +0.3578 -0.2683 | -0.8944 | -116.5
#4 | -0.3578 |-0.2683 | -0.8944 | -32.6
60 kN
32.6 kN
116.5 kN
32.6 kN
R, =(-32.6)(-0.8944) 116.5 kN
=29.16 kKN
® Ry, =(-32.6)(-0.2683) = 8.75 kN

R, = (-32.6)(-0.3578) = 11.66 kN
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