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! Simple Frames
! Frame-Member Stiffness Matrix
! Displacement and Force Transformation Matrices
! Frame-Member Global Stiffness Matrix

! Special Frames
! Frame-Member Global Stiffness Matrix

FRAME ANALYSIS USING THE STIFFNESS
METHOD
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Simple Frames
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Frame-Member Stiffness Matrix 

0 0 00 - AE/LAE/L

4EI/L - 6EI/L2 2EI/L6EI/L2 00

6EI/L2 - 12EI/L3 6EI/L212EI/L3 00

0

2EI/L

-6EI/L2

0

- 6EI/L2

12EI/L3

0

-6EI/L2

4EI/L

0

6EI/L2

-12EI/L3

AE/L

0

0

-AE/L

0

0

m

x´
y´

i

j

3´

5´

6´

2´

4´

1´

3´ 6´2´ 4´1´ 5´

[k´] 

4´5´
6´

1´2´
3´

6EI/L2
4EI/L

6EI/L2
4EI/L

AE/L

AE/L

6EI/L2

6EI/L2

12EI/L3

12EI/L3

2EI/L

d 1́
 = 1

AE/L

AE/L

d 2́
 = 1

12EI/L3

12EI/L3

d 3́
 = 1

2EI/L

6EI/L2

6EI/L2

6EI/L26EI/L2
AE/L

2EI/L

6EI/L2

6EI/L2
d 6́

 = 1

6EI/L2

6EI/L2
2EI/L

6EI/L2

12EI/L3

12EI/L3

4EI/L4EI/L
12EI/L3

12EI/L3

6EI/L2

6EI/L2
AE/L

6EI/L2d 4́
 = 1

d 5́
 = 1AE/L

AE/L



4

m

i

j

m

i

j

x´
y´

x

y

 Displacement and Force Transformation Matrices

1
2

3

4
5

6

θy
θx

4´

5´

6´

1´

2´

3´



5

λx

q4  =  q4´ cos θx  -  q5´ cos θy

q5  =  q4´ cos θy  +  q5´ cos θx

q6  =  q6´

λy

i

j
θy

θx

y´

x´

4´5´

6´

1´

2´

3´

θy

θx

m

i

j

x

y

1
2

3

4
5

6

Force Transformation 

L
xx ij

x

−
=λ

L
yy ij

y

−
=λ































 −
=

















6'

5'

4'

6

5

4

100
0
0

q
q
q

λλ
λλ

q
q
q

xy

yx





















































−

−

=



























6'

5'

4'

3'

2'

1'

6

5

4

3

2

1

100000
0000
0000
000100
0000
0000

q
q
q
q
q
q

λλ
λλ

λλ
λλ

q
q
q
q
q
q

xy

yx

xy

yx

[ ] [ ] [ ]'qTq T=



6

[q] = [T]T[q´] 

= [T]T ( [k´][d´] + [q´F] )

= [T]T [k´][d´] + [T]T [q´F] 

[q] =  [T]T [k´][T][d] + [T]T [q´F]  =   [k][d] +  [qF] 

Therefore, [k] =  [T]T [k´][T]

[qF] =  [T]T [q´F] 

[q]  =  [T]T[q´]

[d´]  =  [T][d]

[k] =  [T]T [k´][T]
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[q] = [T]T[q´]= [T]T ( [k´][d´] + [q´F] )  = [T]T[k´][d´] + [T]T[q´F]  =  [T]T [k´][T][d] + [T]T [q´F] 

Frame Member Global Stiffness Matrix
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5 kN

6 m

6 m

A
B

C

Example 1

For the frame shown, use the stiffness method to:
(a) Determine the deflection and rotation at B.
(b) Determine all the reactions at supports.
(c) Draw the quantitative shear and bending moment diagrams.
E = 200 GPa, I = 60(106) mm4, A = 600 mm2
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Bending moment 
      diagram
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Deflected shape
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4.5 m

6 m 6 m

3 kN/m

Example 2

For the beam shown, use the stiffness method to:
(a) Determine the deflection and rotation at B
(b) Determine all the reactions at supports
(c) Draw the quantitative shear and bending moment diagrams.
E = 200 GPa, I = 60(106) mm4, A = 600 mm2 for each member.

A

B C
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6 m 6 m

3 kN/m

7.5 m

λx = cos θx = 6/7.5 =  0.8

Member 1:

θx 

θy 1

2 3

4

5
6 1

 λy = cos θy = 4.5/7.5 =  0.6

mkN
m

mkNm
L

AE

/16000
5.7

)/10200)(10600( 2626

=

××
=

−

mkN
m

mmkN
L
EI

/33.341
)5.7(

)1060)(/10200(1212
3

4626

3

=

××
=

−

kN
m

mmkN
L
EI

1280
)5.7(

)1060)(/10200(66
2

4626

2

=

××
=

−

mkN
m

mmkN
L
EI

•=

××
=

−

6400
5.7

)1060)(/10200(44 4626

mkN
m

mmkN
L
EI

•=

××
=

−

3200
5.7

)1060)(/10200(22 4626



23

[ km
 ] = [ T  ]T[ k´ ][T ] = 

λx = cos θx
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λx = cos θx =  6/7.5   =  0.8
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λx = cos 0o = 1.0, λy = cos 90o = 0
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D1

D3
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λx = cos θx = 6/7.5 =  0.8
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θx 

θy 1

2 3

4

5
6 1

 λy = cos θy = 4.5/7.5 =  0.6

0

0

0

D1 = 4.575(10-4) 

D2 = -1.794(10-3) 

D3 = -5.278(10-4)

0

0

0

0

0

0

+ =

q4

q6

q5

q1

q2
q3

4

5

6

1

2

3

5 1 2 34 6

k1

1

11.37 kN

11.37 kN

0.09 kN

1.19 kN�m 

0.09 kN

0.50 kN�m 1

9.15 kN
6.75 kN 1.19 kN�m 

9.15 kN

6.75 kN

0.50 kN�m

9.15 

0.50

6.75

-9.15

-6.75

-1.19

=



30
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Shear diagram 
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Example 3

For the beam shown, use the stiffness method to:
(a) Determine the deflection and rotation at B.
(b) Determine all the reactions at supports.
(c) Draw the quantitative shear and bending moment diagrams.
E = 200 GPa, I = 60(106) mm4, A = 600 mm2 for each member.

4.5 m

6 m 3 m

10 kN

A

B
C15 kN

20 kN�m

3 kN/m

3 m
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Global:
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D1
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1.751(10-3) m
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Member 1:
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Shear diagram 
(kN)

Bending-moment 
diagram (kN�m)
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Special Frames
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i j

θjθi 4 *

5 * 6*
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λiy = sin θi
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 [ q* ] = [ T ]T[ q´ ] 
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40 kN

4 m 4 m

3 m

7.416 m

22.02 o

20 kN
200 kN�m

6 kN/m

Example 4

For the beam shown:
(a) Use the stiffness method to determine all the reactions at supports.
(b) Draw the quantitative free-body diagram of  member.
(c) Draw the quantitative bending moment diagrams and qualitative
deflected shape.
Take I = 200(106) mm4 ,  A = 6(103) mm2, and E = 200 GPa for all members.
Include axial deformation in the stiffness matrix.
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θi =22.02o
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θi =22.02o
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Member 2 : [ q ] = [ k ][ d ] + [ qF ]
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D3*=-0.0112  rad

D1*=- 20.5 mm

D
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3 m

80 kN�m
20 kN/m

20o

50 kN

4 m 2 m

A B

C

Example 5

For the beam shown:
(a) Use the stiffness method to determine all the reactions at supports.
(b) Draw the quantitative free-body diagram of  member.
(c) Draw the quantitative bending moment diagrams
and qualitative deflected shape.
Take I = 400(106) mm4 ,  A = 60(103) mm2, and E = 200 GPa for all members.
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Bending-moment 
  diagram (kN�m)
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